This paper starts from the configuration space of a degree-4 singlevertex creased paper, and develops a sufficient and necessary condition for a quadrilateral creased paper to be rigid-foldable. By introducing two more useful sufficient conditions that only depend on the sector angles, we are able to generate two families of rigid-foldable quadrilateral creased papers. All such creased papers have one degree of freedom in each branch of their rigid folding motion. For each family of quadrilateral creased paper the total design freedoms and possible rigid folding motions are analyzed.
Introduction
In this article we will discuss the rigid-foldability of a quadrilateral creased paper, which is defined as Definition 1. A quadrilateral creased paper Q satisfies:
(1) Q only contains degree-4 single-vertex creased papers.
(2) all the inner panels are quadrilateral.
A degree-4 single-vertex creased paper is a subset of Q, containing four panels incident to an inner vertex (Figure 1(a) ) or four panels incident to a hole with concurrent inner creases (Figure 1(b) ). They are equivalent in terms of rigidfoldability.
A developable creased paper has a rigidly folded state where all the folding angles are zero.
Note that we have provided all the underlying definitions used here in the first of this series of articles on rigid origami [1] , where we put forward a theoretical framework to discuss rigid origami, presented some new conclusions, and reviewed some important previous results under this framework. This general work inspires us to find a more useful sufficient and necessary condition for a creased paper to be rigid-foldable, which we hope also to be convenient in design. Why do we choose to analyze quadrilateral creased papers? Experience shows that, a more generic condition is less useful, so it is reasonable to start from a paper with simple crease pattern. However, these leaves two aspects that need to be justified: why we require Q only to have degree-4 single-vertex creased papers, and why we require all the inner panels to be quadrilateral.
For the first question, we have demonstrated that the configuration space of the whole creased paper is essentially constrained by a system of polynomial equations, and is the intersection of natural extension of all its single creased papers [1] . Specifically, there are three polynomial constraints on folding angles in a single-vertex creased paper, and six polynomial constraints on folding angles in a single-hole creased paper (Figure 1(c) ), which contains several panels incident to a hole. Further, we have shown that a single creased paper with no more than three inner creases is not rigid-foldable, except when two of them are co-linear. Based on the analysis above, it is reasonable to start with a creased paper that only contains degree-4 single-vertex creased papers. (Although a rigid-foldable creased paper does not require the rigid-foldability of all its single creased papers, a non-rigid-foldable single creased paper seems redundant in most cases.)
For the second question, suppose there are i vertices, j creases and k panels. from the Euler's formula
where χ is the Euler characteristic of the crease pattern. When i is large, j ∼ 2i, so k ∼ i. That means if we want a crease pattern to be freely extended or refined when every inner vertex is degree-4, every inner panel should on average be quadrilateral. While there exists hybrid degree-4 creased papers whose inner panels are, for instance, triangles and hexagons (in the kagome pattern), it is reasonable to start with a creased paper whose inner panels are all quadrilaterals. Note that the vertices, creases and panels incident to the boundaries do not essentially affect the rigid-foldability of a creased paper. Although the quadrilateral creased paper is a natural object of study, there are few results concerning its rigid-foldability. Apart from the simple folding (ev-
-ρ 3 ξ Figure 2 : (a) A degree-4 single-vertex creased paper. We label these sector angles and corresponding inner creases counter-clockwise. (b) Two non-trivial rigidly folded states with the outside edge of the single-vertex creased paper drawn on a sphere as arcs of great circles, assuming the panel corresponding to α 1 is fixed when we change the magnitude of ρ 1 . Generically, there are two sets of folding angles ρ 2 , ρ 3 , ρ 4 , which are symmetric to ξ and colored by red and blue.
ery folding angle is ±π), the simplest rigid-foldable quadrilateral creased paper is the well-known Miura-ori, which is also flat-foldable. Further, a condition for a developable and flat-foldable quadrilateral creased paper to be rigid-foldable has been given in [2] . However, there is no further systematic analysis of the rigid-foldability of a quadrilateral creased paper.
Degree-4 Single-vertex Creased paper
To study the rigid-foldability of a quadrilateral creased paper we first need to clarify the configuration space of a degree-4 single-vertex creased paper. It has four sector angles α 1 , α 2 , α 3 , α 4 and four folding angles ρ 1 , ρ 2 , ρ 3 , ρ 4 whose corresponding inner creases are c 1 , c 2 , c 3 , c 4 . Figure 2 shows a degree-4 singlevertex creased paper and its two possible rigidly folded states.
Proposition 1.
Here we only discuss the folding angle space {ρ} [1] to describe the order of stacking of panels.) The configuration space of a degree-4 single-vertex creased paper has two branches, which are symmetric to 0. Generically, the expressions are 3 (1) Half of the first branch (ρ 1 ≥ 0):
cos α 2 cos ξ − cos α 1 sin α 2 sin ξ − arccos cos α 4 − cos α 3 cos ξ sin α 3 sin ξ ρ 3 = arccos cos α 3 cos α 4 − cos ξ sin α 3 sin α 4 (2) ρ 4 = arccos cos α 1 cos ξ − cos α 2 sin α 1 sin ξ − arccos cos α 3 − cos α 4 cos ξ sin α 4 sin ξ where, ξ = arccos(cos α 1 cos α 2 − sin α 1 sin α 2 cos ρ 1 )
(2) Half of the second branch (ρ 1 ≥ 0):
Note that equations (3) and (4) are only written separately to ensure that ρ 2 and ρ 4 are in the range of [−π, π]. Corresponding folding angles in these two equations differ by 2π. The domain of ρ 1 is a closed set in R, symmetric to 0, and restricted to the boundary constraints, therefore it cannot always vary from [−π, π]. Sometimes it may degenerate to isolated points.
Proof. Equations (2) and (3) or (4) as appropriate, can be derived directly from Figure 2 with the spherical cosine theorem. Note that we always choose ξ ∈ (0, π).
Remark 1.
The configuration space of a degree-4 single-vertex creased paper is similar to that for a spherical 4-bar linkage, but is not completely the same. For a spherical 4-bar linkage, we can require every sector angle α l ∈ (0, π), and allow the linkages to intersect at points other than the joints.
Proposition 2. Some special cases of Proposition 1, where some pairs of inner creases are collinear (the configuration space has a subspace with lower dimension) or the configuration space becomes isolated points. From the constraints of a closed spherical linkage, α l ∈ (0, 6π).
(1) If only one pair of adjacent inner creases are collinear (without loss of generality, suppose c 1 and c 2 are collinear, which means α 1 = π), then
(b) otherwise, ρ 1 = ρ 4 ; ρ 2 , ρ 3 = {a, b} or {−a, −b}, where a, b are nonzero constants.
(2) If only one pair of opposite inner creases are collinear (without loss of generality, suppose c 1 and c 3 are collinear, which means
, the configuration space is the union of a line segment ρ 1 = ρ 3 , ρ 2 = ρ 4 = 0 (this can be verified by substituting α 1 + α 4 = π and α 2 + α 3 = π into equation (2)) as well as a strictly monotonous 0-connected smooth curve in R 4 . The line segment and curve are symmetric to 0 and only intersect at 0. The equation of this curve can be derived by substituting α 1 + α 4 = π and α 2 + α 3 = π into equations (3) and (4) . Half of this curve is: (ρ 1 ≥ 0)
otherwise
where, ξ = arccos(cos α 1 cos α 2 − sin α 1 sin α 2 cos ρ 1 )
The domain of ρ 1 is a closed interval in R, symmetric to 0, and restricted to the boundary constraints.
(3) If both two pairs of inner creases are collinear (
(4) If no pair of inner creases is collinear, and the sum of three sector angles equals to the other one (without loss of generality, suppose α 1 = α 2 + α 3 + α 4 ), the configuration space is two isolated points {ρ 1 , ρ 2 , ρ 3 , ρ 4 } = {π, 0, 0, π} or {−π, 0, 0, −π}.
(5) If no pair of inner creases is collinear, α l = 2π, and not all α l ∈ (0, π), the configuration space is trivial, i.e. {ρ 1 , ρ 2 , ρ 3 , ρ 4 } = {0, 0, 0, 0}. Proposition 3. Some special cases of Proposition 1, where at least one pair of opposite folding angles have the same magnitude. In cases (1) and (3), We require α 1 , α 2 ∈ (0, π) to avoid self-intersection of panels.
; the configuration space is the union of a line segment ρ 1 = −ρ 3 , ρ 2 = ρ 4 = ±π (substitute into equations (3) and (4)) and a 0-connected smooth curve (not monotonous) in R 4 (substitute into equation (2)). The line segment and curve are symmetric to 0 and only intersect at {ρ 1 , ρ 2 , ρ 3 , ρ 4 } = {0, π, 0, π} and {0, −π, 0, −π}. Half of this curve is: (ρ 1 ≥ 0)
, and this single-vertex creased paper is flat-foldable.
; this case has been analyzed in Proposition 2 (2).
; the second branch shown in equations (3) and (4) does not satisfy the requirement of the order indicator, i.e. panels self-intersect. The configuration space is a piecewise strictly monotonous 0-connected smooth curve in R 4 (substitute into equation (2)). Half of this curve is:
The final rigidly folded states are {ρ 1 , ρ 2 , ρ 3 , ρ 4 } = {π, 0, π, 0} and {−π, 0, −π, 0}, which are flat but different from the requirement of being flat-foldable, where every folding angle is ±π.
, not simultaneously equal to π/2); the configuration space is the union of two strictly monotonous 0-connected smooth curves in R 4 , which are symmetric to 0 and only intersect at 0. The expressions are [3] (a) The first branch (substitute into equation (2)):
6 (b) The second branch (substitute into equations (3) and (4)):
where ρ 1 ∈ [−π, π], and this single-vertex creased paper is flat-foldable.
Proof. From equations (2) and (3), if one pair of opposite folding angles have equal magnitude (without loss of generality, suppose ρ 3 = ±ρ 1 ), the following equations should be satisfied:
By rearranging the two equations, we get:
Because every sector angle α i ∈ (0, 2π), and panels should not self-intersect at lines other than creases, the solutions are
Some of the solutions also make ρ 4 = ±ρ 2 , which leads to Proposition 3.
General Theory
In this section we mainly focus on the case where all degree-4 single creased papers are rigid-foldable. In fact this is a little far from necessary because it is possible for some single creased papers of a rigid-foldable creased paper not to have any relative rigid folding motion. An example is shown in Figure 3 . (1) The restriction of a rigidly folded state F (ρ, M ) on each single-vertex creased paper is rigid-foldable.
Quadrilateral creased paper with no inner panel
(2) There is no inner panel.
then this rigidly folded state F (ρ, M ) is generically rigid-foldable. Especially, if
Theorem 1 gives a way to design a quadrilateral creased paper with no inner panel if we choose all single-vertex creased papers to be rigid-foldable, as shown in Figure 4 (a) and 4(b) . Note that the non-generic cases are illustrated in [1] . An example is shown in Figure 4 Remark 2. For a developable quadrilateral creased paper, the mountain-valley assignment can be used to classify the rigid folding motions. This is because for each branch of every single-vertex creased paper, the sign of every folding angle remains the same when the rigid folding motion moves away from 0. Each inner vertex should be incident to three mountain creases and one valley crease, or three valley creases and one mountain crease. However, mountainvalley assignment is not applicable for classifying the rigid folding motions of a non-developable quadrilateral creased paper.
Remark 3. Some quadrilateral creased papers have neither inner panels nor inner vertices, which can be regarded as piecewise 1-dimensional origami. Some results have been given in sections 11.2 and 11.3 of [4] , but we will not consider such creased papers further in this article. (1) the restriction of a rigidly folded state F (ρ, M ) on every quadrilateral blanket is rigid-foldable.
Quadrilateral creased paper with inner panels
(2) the restriction of F (ρ, M ) on every single creased paper that is not covered by a quadrilateral blanket is rigid-foldable. Therefore we start by considering a quadrilateral blanket B. Without loss of generality, we suppose a blanket is generated by a row and several columns of degree-4 single-vertex creased papers. The following theorem gives a sufficient and necessary condition for a quadrilateral blanket to be rigid-foldable. 
Figure 5: (a) shows a rigidly folded state of a blanket, and (b) is its corresponding tree structure, where we "cut" inner creases connecting adjacent columns to make the interior of crease pattern have no cycle. ρ j are the folding angles of the top row. θ i,j , φ i,j and their corresponding inner creases are colored red and blue, respectively.
(2) for all i, j, the following equation is satisfied simultaneously in this closed interval.
then F (ρ, M ) is rigid-foldable in this closed interval. Figure 5 defines θ i,j and φ i,j .
Proof. As it is straightforward to move between the blanket and the tree structure by cutting or gluing, the sufficiency and necessity are natural.
Remark 4. The "loop condition" described in [2] is equivalent to Theorem 2 for quadrilateral creased papers if every folding angle can be expressed as the function of another folding angle. However, this is not always possible as shown in Figure 3 . Unlike the flat-foldable case, a non-trivial rigidly folded state cannot guarantee a rigid folding motion for a general quadrilateral creased paper.
Remark 5. The quadrilateral creased papers described in Theorem 1 and Theorem 2 have one degree of freedom (1-DOF) in each branch of the rigid folding motion. Nevertheless, the degree of freedom might be greater than 1 at some special points in the configuration space, such as the planar and flat rigidly folded states.
With Theorem 1, we can conveniently construct a rigid-foldable tree structure, as shown in Figure 4 (a) and 4(b). However, equation (14) is generically not satisfied for the whole quadrilateral blanket. In the following sections we intend to find some more useful sufficient conditions, which corresponds essentially to finding singular points in a system of polynomial equations. 
Units and Basic Units
Corollary 2.1. To satisfy equation (14), one sufficient condition is, for all i, j:
and one way to realize it is to use tessellation of "units".
Definition 2.
As shown in Figure 6 (a), a unit is the union of two degree-4 single-vertex creased papers sharing two panels, where the folding angles on the same side are constantly of the same magnitude in some closed interval
Generally, a useful sufficient condition should only depend on the sector angles. It seems hard to obtain such a condition for equation (16) with equations (2), (3) and (4). To make further progress here, we introduce a special case of units called the "basic units". General basic units (see Figure 7) There is no special relation among α i (i = 1, 2, 3, 4). The top single-vertex creased paper has two branches of rigid folding motion, so this basic unit also has two branches of rigid folding motion.
One-pair basic units (see Figure 8 ) In each single-vertex creased paper, generically only one pair of opposite folding angles are of the same magnitude (case (1) and (2) in Proposition 3). There is only one branch of rigid folding motion for each one-pair basic unit.
Figure 7: (a) is a developable general basic unit, where the rigid folding motion of these two single creased papers are symmetric. α l = 2π and α l ∈ (0, π). Two-pair basic units (see Figure 9 and Figure 10 ) In each single-vertex creased paper, both the two pairs of opposite folding angles are of the same magnitude (case (3) and (4) in Proposition 3). There is only one branch of rigid folding motion for each two-pair basic unit from case (3), while two for those from case (4).
In this article we only present results that utilize basic units. Other units are possible by choosing two single-vertex creased papers from case (3) and (4) in Proposition 3, for instance, the one shown in Figure 6 (b), which is generated using the method described in [5] . Note that choosing from case (1) and (2) in Proposition 3 and using equations (5), (6) and (7) we can only get basic units. Types O V -O VIII are also flat-foldable, and plotted by Freeform Origami [2] .
Figure 9: Four of the eight types of two-pair basic units. Types T I -T IV are developable and flat-foldable. Here we only draw the inner creases. Each of them has two branches of rigid folding motions. α 1 and α 2 are independent sector angles (α 1 , α 2 ∈ (0, π), not simultaneously equal to π/2). Given a folding angle x, other folding angles in these two branches are different, and labeled by different characters. Here we use the mountain-valley assignment to characterize them. The mountain and valley creases are colored red and blue. Swapping the mountain-valley assignment results in symmetric rigid folding motions in the same branch. 14 
Stitching
In last section we describe a general basic unit (G), eight types of one-pair basic units (O I -O VIII ) and eight types of two-pair basic units (T I -T VIII ). By Stitching (Figure 11 ), we merge two basic units to form a rigid-foldable quadrilateral creased paper. The stitching can be in a longitudinal direction (parallel to a column) or a transverse direction (parallel to a row). Neighboring basic units stitched in the longitudinal direction share a vertex, so the sector angles for the coincident single-vertex creased papers must match in each basic unit. Neighboring basic units stitched in the transverse direction form an inner panel, satisfy equation (14), do not share vertices, but the folding angles on the matching creases must be the same. Note that the length of edges do not constrain the rigid-foldability, and can be adjusted to ensure that basic units match.
If we regard "stitching of basic units" as an operation defined on all the basic units mentioned here, the next step is to clarify which operations are legal. By saying that basic unit B can stitch with basic unit A in a longitudinal or transverse direction, we mean that for any basic unit of type A, there exists an admissible basic unit in type B, and we define this as a legal operation. Table  1 .
Some Examples
By stitching of units, it is possible to generate a family of rigid-foldable quadrilateral creased papers. They all have one degree of freedom except at some special rigidly folded states, such as the planar and flat-folded state. Some examples are shown in Figures 12, 13 and 14. When designing a creased paper, we naturally focus on two issues: the number of independent sector angles and the number of branches of rigid folding motion.
Consider first the number of independent sector angles. Stitching in the longitudinal direction will not generate new independent sector angles. Thus each column of basic units has four (G) or two (not G) independent sector angles. In the transverse direction, if there is a row of inner panels stitched by non-parallel basic units, the number of independent sector angles decreases by 
the number of inner panels of this row, otherwise the number will not decrease. This is because the sum of sector angles of all the inner panels should be 2π. Suppose there are i columns of general basic units, j columns of other basic units, and k inner panels stitched by non-parallel basic units in transverse direction, then the number of independent sector angles n 1 satisfies the following equation.
Note that the number of independent sector angles should be no less than zero. In general, less independent sector angles will increase the difficulty in design because the sector angles will be coupled by more constraints. Consider now the number of branches of rigid folding motion n 2 . We first divide the basic units into the two-branch group {G, T III , T IV } and one-branch group {O I -O VIII , T I , T II , T V , T VI , T VII , T VIII }. If there is a basic unit of the one-branch group in a column, the number of branches of rigid folding motion of this column is one, otherwise is two. We can calculate n 2 by multiplying the number of each column. 
Non-stitching Quadrilateral Creased Papers
In this article we have concentrated on a particular sufficient condition for generating quadrilateral creased papers, that is, Corollary 2.1 and then the stitching of units. In this section, we describe some other quadrilateral creased papers that are not generated by stitching units, as shown in Figure 15 . For all i, j, The sector angles here should satisfy tan α ij tan α ij+1 = tan α i+1j tan α i+1j+1 (18) i ≥ 1, j ≥ 0. Using the spherical cosine theorem, it can be directly verified that equation (14) is satisfied. This equation guarantees each column of inner creases to be co-planar during the rigid folding motion. We name this as a columnwise-coplanar quadrilateral creased paper. Suppose there are m rows and n columns, the number of independent sector angles is m + n. This creased paper has only one branch of rigid folding motion. Further, by changing all π − α ij to α ij and requiring all the sector angles to satisfy equation (18) we can obtain a non-developable quadrilateral creased paper, which is also rigidfoldable. Again, each column of inner creases are co-planar during the rigid folding motion. The number of independent sector angles and branches of rigid folding motion are still m + n and 1.
Discussion
Based on the results in this article, some other techniques can be used to generate rigid-foldable creased papers. For example, overlapping quadrilateral crease pattern on a planar paper. Available crease patterns can be chosen from stitching developable units {G, O I -O IV , T I -T IV } and the columnwise-coplanar quadrilateral creased paper. Some examples are shown in [6] , which are not quadrilateral creased papers but keep the feature of them in each branch of its rigid folding motion.
Conclusion
This article gives a sufficient and necessary condition for a quadrilateral creased paper to be rigid-foldable, and then provides two sufficient conditions that only depend on the sector angles to generate quadrilateral creased papers . The primary method describes the idea of stitching basic units. The second method describes the columnwise-coplanar quadrilateral creased paper. Although these conditions are sufficient, we do not know any existing rigid-foldable quadrilateral creased papers not covered by this article except those shown in [2] .
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